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VARIATION OF MUMFORD’S QUOTIENTS FOR THE
MAXIMAL TORUS ACTION ON A FLAG VARIETY
VLADIMIR S. ZHGOON
Abstract. We study a variation of Mumford’s quotient for the action of
a maximal torus T on a flag variety G/B depending on projective embed-
ding G/B →֒ P(V (χ)), where T -linearization is induced by the standard G-
linearization. We describe the linear spans of the supports of semistable orbits,
that allow us to calculate the rank of the Picard group of quotient (G/B)ss/T ,
when G does not contain simple factors of type An.
Let G be a semisimple algebraic group over an algebraically closed field of charac-
teristic zero, T a maximal torus in G, and B a Borel group containing T . Consider
the action of T on G/B by left multiplication. Let χ be a strictly dominant weight.
It is well known that G/B can be embedded G-equivariantly in the projectivization
P(V (χ)) of simple module V (χ) of the highest weight χ as the projectivization of
the orbit of the highest weight vector. All G-equivariant embeddings G/B →֒ PN
can be obtained by this construction. Denote by Lχ the restriction on G/B of the
G-linearized sheaf O(1) on P(V (χ)). According to [9], a Zariski open subset XssLχ of
the flag variety X = G/B can be defined, in such way that there exists a categorical
quotient XssLχ//T for the torus action. In this paper we study variation of the Mum-
ford’s quotient depending on the T -linearized sheaf Lχ. We also describe the linear
spans of the supports of semistable T -orbits, that allow us to calculate the rank
of the Picard group Pic(XssLχ//T ) of the projective variety X
ss
Lχ
//T (depending on
the strictly dominant weight χ). We note that in this case Pic(XssLχ//T ) is finitely
generated free abelian group.
For the convenience of the reader we remind the definition of the set of
(semi)stable points.
Definition 0.1. Let X be an algebraic variety with an action of G, and L be an
invertible ample G-linearized sheaf on X .
(i) Following Mumford we define the set of semistable points as
XssL = {x ∈ X : ∃n > 0, ∃σ ∈ Γ(X,L
⊗n)G, σ(x) 6= 0}.
(ii) The set of stable points is defined as
XsL = {x ∈ X
ss
L : the orbit Gx is closed X
ss
L and the stabilizer Gx is finite}.
The orbits of maximal torus T on the flag varieties were studied for instance
in the papers [2], [3], [12]. In [3] the normality of the closures of typical T -orbits
on G/P was proved by R.Dabrowski (where P ⊇ B — is a parabolic subgroup).
In [2] the normality of the closures of non-typical T -orbits on G/P was studied
by J.B.Carrell and A.Kurth. In [12] S.Senthamarai Kannan has found all the flag
varieties G/P with the property that the equality (G/P )ssL = (G/P )
s
L is satisfied
for an invertible sheaf L.
In the first part we derive the Seshadri criterion [13] of the semistability of the
point on G/B for the maximal torus action and decompose the Weyl chamber C in
the GIT-equivalence classes, for the points with the same sets XssLχ . In the second
part we describe the linear spans of the supports of the T -orbits of the subvariety
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XssLχ . In the third part we apply the previous results to the calculation of the rank
of Pic(XssLχ//T ) when the group G does not contain simple factors of type An.
The author is grateful to his scientific advisor I.V.Azhantsev for posing the
problem, and for the constant attention to the work. He also wants to thank
D.A.Timashev, whose remarks leaded to the simplification of the proof of Theorem
3.1, and E.B.Vinberg for the valuable comments and discussing several questions.
In the subsequent work the author will consider the case An. There is also a
hope to study the variation of Mumford’s quotient not only for standard, but for
all possible T -linearizations of ample line bundles on G/B.
Notations and conventions.
By gothic letters we denote Lie algebras corresponding to Lie groups.
Ξ = Ξ(T ) — the lattice of characters of T . Its dual is identified with the lattice
of one parameter subgroups
Λ(T ) by the pairing invariant under the action of Weyl group, that we denote
by 〈.; .〉.
ΞQ = Ξ⊗Z Q — rational characters of the torus T .
ΛQ = Λ⊗Z Q — rational one parameter subgroups of the torus T .
W = NG(T )/T — Weyl group.
On ΞQ we haveW -invariant scalar product (.; .), that we use to identify ΞQ with
ΛQ.
∆ is the root system of the Lie algebra g corresponding to T . ∆+(∆−) is the
system of the positive (negative) roots corresponding to the Borel subalgebra b ⊂ g.
Π is the system of the simple roots. w0 ∈ W is the longest element in the Weyl
group. C is the positive Weyl chamber.
Let ∆˜ ⊂ ∆ be the subset of roots that is an abstract system of roots. C∆˜ :=
{χ ∈ ΞQ|(χ;αi) > 0 for all αi ∈ ∆˜
+} denotes the positive Weyl chamber for the
root system ∆˜.
We call the root subsystem ∆˜ ⊂ ∆ saturated, if the following property holds:
∆˜ = 〈∆˜〉 ∩∆ ( here 〈∆˜〉 denotes the linear span of the root system ∆˜).
Let V (χ) be a simple G-module with the highest strictly dominant weight χ ∈
C ∩ Ξ and the highest weight vector vχ ∈ V (χ).
Consider the action of T on the linear space V =
⊕
λ∈Ξ
Vλ (Vλ is the weight
component of the weight λ ∈ Ξ), v =
∑
λ∈Ξ
vλ, where vλ ∈ Vλ and vλ 6= 0. Denote
by supp(v) ⊂ ΞQ the convex hull of the weights of vector v. One may notice that
supp(v) = supp(tv) for every t ∈ T , so the support of a T -orbit is correctly defined,
that we denote it by supp(Tv). We also define the support of the T -invariant subset
as the convex hull of the supports of all T -orbits from this set. Let x = 〈v〉 ∈ P(V )
be a point corresponding to the vector v ∈ V . Denote by supp(Tx →֒ P(V )) the
support of the orbit Tv →֒ V . The set of weights of the T -orbit in the embedding
Tx ⊂ P(V (χ)) is denoted by Pdχ(Tx).
If it is not stated otherwise, everywhere in the article we consider the flag variety
G/B with the G-equivariant embedding in P(V (χ)) as a close G-orbit of the line,
generated by the highest weight vector vχ.
1. A criterion of stability for a point in G/B
The stability of the point depends on the Shubert variety to which it belongs.
It is essential to study the geometry of the projective embedding for the Schu-
bert variety. Thus we have to remind the lemma from the paper of I.N.Berstein,
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I.M.Gelfand, S.I.Gelfand, that describes the structure of the Schubert variety under
given projective embedding.
Lemma 1.1. [1, 2.12] Let w ∈ W be an element of the Weyl group, BwB/B
the corresponding Schubert cell. Consider the closed embedding G/B →֒ P(V (χ)),
where χ is a strictly dominant weight. Let f ∈ V (χ) be a vector from the orbit of
the highest weight vector. Then 〈f〉 ∈ BwB/B iff wχ ∈ supp(f) and f ∈ U(b)vwχ,
where U(b) is the universal enveloping algebra of the Lie algebra b, and vwχ = wvχ
is a vector of the weight wχ, entering the irreducible representation V (χ) with
multiplicity one.
Applying this lemma it is easy to prove the following semistability criterion due
to Seshadri [13, Prop. 1.5] . We give the proof that differs from the original one.
The ideas similar to those of the proof will be used later. But first we remind
the definition of Mumford’s numerical function for a torus action and Mumford’s
numerical criterion of stability.
Definition 1.2. Let L be an ample T -linearized line bundle on a T -variety X
defining the T -equariant embedding of X in the projective space P(V ). Let λ ∈
Λ(T ) be a one-parameter subgroup. For a point x ∈ P(V ) we calculate Mumford’s
numerical function by the formula
µL(x, λ) = min
τ∈supp(Tx)
〈τ ;λ〉.
Proposition 1.3. Mumford’s numerical criterion ( [9]) Let X be a variety with a T -
action and L be an ample T -linearized line bundle defining T -equivariant embedding
X in the projective space P(V ). The point x ∈ P(V ) is (semi)stable iff µL(x, λ)(6
) < 0 for every nontrivial one-parameter subgroup λ ∈ Λ(T ).
Proposition 1.4. (Seshadri [13]) Let C be the Weyl chamber, x ∈ G/B and
x = bwB/B. Consider a very ample line bundle Lχ, corresponding to the strictly
dominant weight χ. Let λ ∈ C be a one-parameter group belonging to the Weyl
chamber. Then we have µLχ(x, λ) = 〈wχ;λ〉.
Proof. Consider the support of the orbit Tx. As Tx ⊂ BwB/B, applying the pre-
vious lemma, we have wχ ∈ supp(Tx). Also we have supp(Tx) ⊂ supp(BwB/B) =
supp(U(b)vwχ), where the last equality is again the consequence of the previous
lemma.
If the weight τ belongs to supp(U(b)vwχ), then τ = wχ +
∑
αi∈∆+
ciαi, where
ci > 0. Considering the pairing of τ with the one-parameter subgroup λ we get:
〈τ ;λ〉 = 〈wχ;λ〉+
∑
αi∈∆+
ci〈αi;λ〉 > 〈wχ;λ〉,
as ci > 0 and 〈λ;αi〉 > 0. Then we may derive the expression for the numerical
function:
µLχ(x, λ) = min
τ∈supp(Tx)
〈τ ;λ〉 = 〈wχ;λ〉.

Now we are ready to get the description of the semistable point set. We need to
introduce the following definition.
Definition 1.5. We call w ∈ W χ-semistable if 〈wχ;λ〉 6 0 for every λ ∈ C. We
define the set of all such elements by W stχ .
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Theorem 1.6. Consider G-equivariant closed embedding G/B →֒ P(V (χ)). Then
we can find the set of semistable points of the action of torus (with the linearization
coming from the standard T -action on V (χ)) via the following formula:
XssLχ =
⋂
w˜∈W
⋃
w∈W stχ
w˜BwB/B
Proof. Indeed,
⋃
w∈W stχ
BwB/B is the set of such x, that µLχ(x, λ) 6 0 for every
one-parameter subgroup λ ∈ C.
By the well known equality for numerical functions one has µLχ(x, λ) =
µLχ(w˜x, w˜λ), where w˜ is a representative of the Weyl group element in the normal-
izer of T .
From the above we can rewrite the condition of the semistability of x:
µLχ(x, λ) 6 0 for every λ ∈ ΛQ(T ) as µ
Lχ(w˜x, λ) 6 0 for every λ ∈ C and w˜ ∈ W .
By this we get the following formula for the set satisfying these conditions:
XssLχ =
⋂
w˜∈W
w˜
( ⋃
w∈W stχ
BwB/B
)
=
⋂
w˜∈W
⋃
w∈W stχ
w˜BwB/B.

Remark 1.7. The setXssLχ is the largestNG(T )-invariant subset in
⋃
w∈W stχ
BwB/B.
Proposition 1.8. Consider two ample T -linearized line bundles Lχ1 and Lχ2 .
Then XssLχ1
= XssLχ2
implies W stχ1 =W
st
χ2
.
Proof. It is sufficient to prove that for every element w ∈ W stχ we may find in
BwB/B a semistable T -orbit. It will imply that the set W stχ is uniquely defined
by XssLχ . We have 〈wχ;λ〉 6 0 for every λ ∈ C, that is equivalent to 0 ∈ wχ +∑
αi∈∆+
Q+αi. So by Corollary 2.6 (that we shall prove in the next part because of
its technical difficulty) 0 ∈ supp(BwB/B). For typical orbit Tx from the Schubert
cell BwB/B we have supp(Tx) = supp(BwB/B), so 0 ∈ supp(Tx), that means
that a typical orbit from the cell BwB/B is semistable. 
We shall decompose the Weyl chamber in cells Ci — GIT-equivalence classes
characterized by the following property: two characters χ1, χ2 belong to the same
cell Ci iff X
ss
Lχ1
= XssLχ2
, that is equivalent to W stχ1 =W
st
χ2
by the preceding propo-
sition.
Let A be the cone generated by the simple roots. For an element χ ∈ C0 in the
relative interior of the Weyl chamber we define the cone σχ = C ∩
⋂
w∈W
χ∈wA
wA.
Theorem 1.9. (Variation of Mumford’s quotients)
The set of the cones {σχ|χ ∈ C
0} is finite. They form the fan with the support
C. The internal points of these cones correspond to the GIT-equivalence classes.
Proof. The finiteness of the set of cones follows from the fact, that we get σχ as
intersections of the cones from the finite set {wiA|wi ∈ W}. It is easily seen from
the definition, that for the cones {σχ|χ ∈ C
0} we have two cases: the face of one
cone doesn’t contain internal points of the other, one cone is the face of the other
( in particular these cones may coincide).
According to the definition, w ∈ W stχ when 〈wχ;λ〉 6 0 for every λ ∈ C. This is
the same as wχ ∈ −A, which is equivalent to χ ∈ −w−1A. So the internal points
of the cone σχ are in one to one correspondence with the elements χ˜, for which
W stχ˜ =W
st
χ . 
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Let us begin the study of the set of semistable points . In the subsequent
propositions we prove that for semisimple groups not containing simple components
of type An, the codimension of the set of non-stable points is strictly greater than
one.
Lemma 1.10. Assume that the group G does not contain the simple components
of type An. Let sα ∈ W be the reflection corresponding to a root α. Then sαw0
belongs to the set W stχ , for any χ ∈ C
0.
Proof. We have to check that 〈sαw0χ;λ〉 6 0 for every λ ∈ C. Denote by πα the
fundamental weight dual to the simple root α. If β, γ ∈ Π, then (πγ ;β) =
(β;β)
2 δγβ.
Also we have the equality sγπγ = πγ − γ.
The weight χ is dominant, so w0χ is antidominant w0χ = −
∑
cβπβ , where
cβ > 0. As λ ∈ C we have λ =
∑
aβπβ , where aβ > 0. So
−〈sαw0χ;λ〉 = 〈sα
∑
cβπβ ;
∑
aβπβ〉 = (cα(πα − α) +
∑
β 6=α;β∈Π
cβπβ ; aαπα +
∑
β 6=α;β∈Π
aβπβ) = cαaα((πα;πα) −
(α;α)
2 ) + (
∑
β 6=α;β∈Π
cβπβ ;
∑
β 6=α;β∈Π
aβπβ) +
(cαπα;
∑
β 6=α;β∈Π
aβπβ) + (
∑
β 6=α;β∈Π
cβπβ ; aαπα) > 0.
The last equality holds since (πα;πα)−
(α;α)
2 > 0 is true for all simple root systems
distinct from An (that is not difficult to get from Table 2 [10]), other summands
are not negative since they are scalar products of two dominant weights. 
Theorem 1.11. Let us assume that the group G does not contain the simple com-
ponents of type An. Then the complement to the semistable point set in G/B is of
codimension strictly greater than one.
Proof. We shall use the formula describing the set of semistable points taking into
account that, by the previous lemma, sαw0 ∈W
st
χ for every α ∈ Π and w0 ∈W
st
χ :
XssLχ =
⋂
w˜∈W
w˜
⋃
w∈W stχ
BwB/B ⊃
⋂
w˜∈W
w˜(
⋃
α∈Π
Bsαw0B/B ∪Bw0B/B)
The set
⋃
α∈Π
Bsαw0B/B ∪Bw0B/B has already the complement of codimention
2 that implies that XssLχ has the complement of codimension not smaller than 2,
as it is equal to the finite intersection of sets with the complement of codimen-
tion not smaller than 2 (translation by w˜ does not change the codimension of the
complement). 
Corollary 1.12. Under the conditions of Theorem 1.11, Pic(G/B) = Pic(XssLχ)
and PicT (G/B) = PicT (X
ss
Lχ
), where PicT (X) denotes the group of T -linearized
line bundles on the T -variety X.
Example 1.13. We give an example which shows that for the root system A2 the
statements of Lemma 1.10 and Theorem 1.11 are not true.
Let χ = aπ1 + bπ2, where a > b (pic.1). Then 〈sα2w0χ;λ〉 > 0 for λ = π2 ∈ C.
So sα2w0 /∈W
st
χ and the divisor Bsα2w0B/B consists of unstable points.
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pic.1
2. The linear spans of supports for semistable T -orbits
In this part of the work we describe the linear spans of the supports for semistable
T -orbits on XssLχ .
Let x ∈ G/B be written in the form x = bww0B/B. Decompose b ∈ B into
the product of an element of torus and of an unipotent element: b = tu. Then
supp(Tx) = supp(Tbww0B/B) = supp(Tuww0B/B). We represent u as the expo-
nent of an element of the Lie algebra:
u = exp(
∑
αi∈∆¯+⊆∆+
ciei) = id +
∑
ciei
1!
+
(
∑
ciei)
2
2!
+ . . . ,
where ei corresponds to the positive root αi; ci 6= 0, and ∆¯
+ ⊆ ∆+ is a subset
of positive roots. We assume that u is written in the normal form, so that ∆¯+ ⊆
∆+ ∩w∆+ [7, 28.4].
As supp(ww0B/B) = ww0χ and the action of T doesn’t change the support,
from the exponent decomposition for u we get supp(Tx) ⊂ ww0χ+
∑
αi∈∆¯+
Z+αi.
We prove now the theorem describing the linear span of the support in terms of
the subsystem of positive roots ∆˜+. We assume that this root system is saturated.
Theorem 2.1. Let w be an element of the Weyl group such that ww0 ∈ W
st
χ , and
∆˜ ⊆ ∆ be a saturated subsystem of roots with 0 ∈ (ww0χ+
∑
αi∈∆˜+∩w∆+
Q+αi). Then
the support supp(Tuww0B/B) of the T -orbit, where u = exp(
∑
αi∈∆˜+∩w∆+
ciei),
contains zero for almost all ci.
Proof. We begin with the following lemma.
Lemma 2.2. Under the conditions of the previous theorem, let α0 be the highest
root of the root system ∆˜. A strictly dominant weight is contained in the set of
weights of the orbit M ∈ (−C)0 ∩ supp(Tuw0B/B). Then the weight α0 +M is
also one of the weights of the T -orbit.
Proof. Let vM be the vector of weight M , which belongs to the weight decomposi-
tion of the vector corresponding to the point of the orbit Tx. We may describe the
vector vM by the following formula:
vM =
∑
M=w0χ+
∑
αi∈∆˜
+
aiαi
ca0α0 . . . c
al
αl
(
∑
i
ai)!
Sym(eα0 , . . . , eα0︸ ︷︷ ︸
a0
, . . . , eαl , . . . , eαl︸ ︷︷ ︸
al
)vw0χ,
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where Sym() denotes the sum over all permutations of the products of the elements
in the parentheses.
Note, that the vector vM is nonzero for almost all values of the co-
efficients {cαi} iff we may find the set of {ai} for which we have
Sym(eα0 , . . . , eα0︸ ︷︷ ︸
a0
, . . . , eαl , . . . , eαl︸ ︷︷ ︸
al
)vw0χ 6= 0 (we denote this vector by v
0
M ). So
to prove that the vector vM+α0 is nonzero (for almost all values of {cαi}) it is
sufficient to prove that Sym(eα0 , eα0 , . . . , eα0︸ ︷︷ ︸
a0
, . . . , eαl , . . . , eαl︸ ︷︷ ︸
al
)vw0χ 6= 0.
Let us show that the vector Sym(eα0 , eα0 , . . . , eα0︸ ︷︷ ︸
a0
, . . . , eαl , . . . , eαl︸ ︷︷ ︸
al
)vw0χ is pro-
portional to eα0v
0
M . The element eα0 commutes with all eαi , where αi ∈ ∆˜
+
([eαi , eα0 ] ⊆ gαi+α0 = 0, as the weight αi+α0 is not the root of the Lie algebra g).
That means eα0 can be taken out from the sign of symmetrization.
The proof of the lemma will be finished if we show that eα0v
0
M 6= 0. Consider
the representation of the sl2 ∼= 〈eα0 , fα0 , hα0〉, generated by v
0
M . Hence eα0v
0
M 6= 0,
as M is strictly antidominant and v0M couldn’t be the highest weight vector. 
pic.2
Remark 2.3. Instead of the claim that the weight M is antidominant we may
require a weaker condition: (M ;α0) < 0. Then we have eα0v
0
M 6= 0. Indeed, from
the condition (M ;α0) < 0 it follows that v
0
M couldn’t be the highest weight vector
of the representation of sl2 (the other part of the proof remains the same).
To prove next proposition we need to introduce some additional notation. Denote
byM the rational weight and by ∆˜ a subsystem of roots. Let HM (∆˜
+) be an affine
cone M +
∑
αi∈∆˜+
Q+αi and δHM (∆˜
+) its border. Sometimes we don’t mention the
root system in this notation that won’t lead to the ambiguity.
Proposition 2.4. Let ww0χ is such weight that 0 = ww0χ +
∑
αi∈∆+
ciαi, where
ci > 0. Then every ray from (−C) with the end in zero point intersects the border
δHww0χ(∆
+), and the intersection lies inside the Pdχ polyhedron of the weights of
the representation V (χ).
Proof. Consider the ray l(t) = −t
∑
biπi, where bi > 0 lying (−C) with the end in
zero. We can describe Hww0χ by the inequalities (πj , x) > (πj , ww0χ). Denote by
8 V. ZHGOON
l(tj) the intersection point of the line containing the ray with the hyperplane j, if
it exists. (The line could be parallel to the hyperplane. But it couldn’t be parallel
to all hyperplanes, as the cone Hww0χ is solid. So we have at least one point of the
intersection.) For the proof of the first statement it is sufficient to show that all
tj > 0. We may write the equation of the intersection of the line and hyperplane
j in the form (πj , l(tj)) − (πj , ww0χ) = −tj
∑
i
bi(πi, πj) +
∑
i
ci(αi, πj) = 0. So
tj =
∑
i
ci(αi,pij)∑
i
bi(pii,pij)
> 0 as (αi, πj) > 0, (πi, πj) > 0, bi, ci > 0. The minimal of tj gives
the intersection point of l(t) and δHww0χ.
pic.3
We shall prove now that the intersection point lies inside the weight polyhedron
Pdχ. It is sufficient to prove that the intersection point belongs to the coneHw0χ (as
Pχ∩ (−C) = Hw0χ∩ (−C)). Consider the solutions t˜j of the equations (πj , l(t˜j)) =
(πj , w0χ) ( equations of the faces of the cone Hw0χ). As the faces of the cone Hw0χ
are parallel to the corresponding faces of the cone Hww0χ it is sufficient to show
that t˜j > tj . We know that ww0χ = w0χ +
∑
i
diαi, where di > 0. So we have
t˜j =
∑
i
di(pij,αi)−
∑
i
(pij ,ww0χ)∑
i
bi(pii,pij)
>
−
∑
i
(pij,ww0χ)∑
i
bi(pii,pij)
= tj as (πj , αi) > 0 and di > 0. 
Now we prove the following lemma.
Lemma 2.5. Let ww0 ∈ W
st
χ , α0 be the highest root of the saturated root subsystem
∆˜, for which we have ww0χ = −
∑
αi∈∆˜+
ciαi, where ci > 0. Then α0 ∈ ∆˜
+ ∩ w∆+.
Proof. The weight w0χ is strictly antidominant. Hence a root α is positive iff
〈w0χ;α〉 6 0. As ww0χ = −
∑
αi∈∆˜+
ciαi, where ci > 0, we have 〈ww0χ;λ〉 6 0
for ∀λ ∈ C∆˜. As the root α0 is the highest ∆˜, it belongs to the closure of the
Weyl chamber C∆˜ and we may set λ equal to it. Consequently 〈ww0χ;α0〉 =
〈w0χ;w
−1α0〉 6 0 that shows that the root w
−1α0 is positive. 
We shall construct the piecewise-linear path from the zero point to the point
ww0χ. We proceed by the induction.
Let α0 be the highest root of the saturated subsystem ∆˜. Besides we have
ww0χ = −
∑
αi∈∆˜+∩w∆+
ciαi, where ci > 0.
Consider the ray with the end in zero point containing −α0. As α0 is the
highest root, this ray belongs to the antidominant Weyl chamber C∆˜. According to
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Proposition 2.4 it will intersect δHww0χ(∆˜
+)∩ (−C∆˜) in the point denoted by M1.
SoM1 belongs to the face of the coneHww0χ(∆˜
+). This face is the coneHww0χ(∆˜
+
1 )
for a saturated root subsystem ∆˜1 ⊂ ∆˜. As M1 belongs to the antidominant Weyl
chamber it also belongs to the chamber −C∆˜1 . So we may claim that M1 = −k0α0
for k0 ∈ Q+.
Let us describe the induction step. On the i-th step we have the sequence of the
saturated root subsystems ∆+ ⊇ ∆˜+1 ⊇ . . . ⊇ ∆˜
+
i−1 ⊇ ∆˜
+
i , and also the sequence
of the roots {α0, β1, . . . , βi}, where βj , is the highest root of the system ∆˜j . And
we have already constructed the sequence of weights {0,M1,M2, . . . ,Mi} such that
Mj ∈ Hww0χ(∆˜
+
j ) ∩ (−C∆˜j ) and also Mj =Mj−1 − kj−1αj−1, where kj−1 ∈ Q+.
Let us construct the weight Mi+1 and the root system ∆˜
+
i+1. The weight Mi
belongs to the intersection Hww0χ(∆˜
+
i )∩ (−C∆˜i ). As the highest root βi lies in the
Weyl chamber C∆˜i , the intersection point of the ray Mi − tβi (where t ∈ Q+) with
the end in Mi and of the border Hww0χ(∆˜
+
i ) ∩ (−C∆˜i) belongs to δHww0χ(∆˜
+
i ).
Denote by ∆˜+i+1 ⊂ ∆˜
+
i the saturated root subsystem corresponding to the face
Hww0χ(∆˜
+
i ) which contains Mi. Observe that Mi+1 ∈ (−C∆˜i+1) and that the
number ki+1 is rational as the weight Mi is rational and the cone Hww0χ(∆˜
+
i ) is
rational. Thus all the conditions are satisfied.
Our construction will be finished whenMi = ww0χ for some i. All weightsMi are
rational so one can find integer N such that all NMi and also all Nki are integer. If
we take the weight Nww0χ instead of ww0χ (this will only change the embedding
G/B →֒ P(V (χ)) for G/B →֒ P(V (Nχ)), that don’t affect the statement of the
theorem). The path constructed above will consist of integer weights NMi. Also
these weights satisfy the equalities NMi+1 = NMi − k˜iβi, where k˜i are integers.
So we may suppose that Mi satisfy the conditions described above.
pic.4
We have to show now that all the weights Mi belong to the weights of the orbit
Tuww0B/B. In particular that will imply that zero weight lies in the support of the
orbit Tuww0B/B. We argue by the induction. One may notice that ww0χ belongs
to the set of weights Pdχ(Tuww0B/B). Suppose that the weight Mi+1 + lβi ∈
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Pdχ(Tuww0B/B) for some l, 0 6 l < ki we must show that Mi+1 + (l + 1)βi ∈
Pdχ(Tuww0B/B).
In order to prove this we apply the sharper variant of Lemma 2.2 (Remark 2.3)
to the weight Mi+1 + lβi, root βi and saturated root system ∆˜i. But we have to
check that the conditions of the lemma are satisfied: (Mi+1 + lβi, βi) < 0 for every
0 6 l < ki (∗), also we have to show that the root βi appears in the exponent
representing u i.e. βi ∈ ∆˜
+∩w∆+ (∗∗). In the case ∆˜i  ∆ to apply the lemma to
the weightMi+1+lβi and the system ∆˜i it is required that the formula for vMi+1+lβi
from Lemma 2.2 contains only the terms eαj with αj ∈ ∆˜
+
i . But this condition
is satisfied because Mi+1 + lβi ∈ ww0χ+
∑
αj∈∆˜
+
i
Q+αj and the cone Hww0χ(∆˜
+
i ) is
the face of Hww0χ(∆˜) .
From the constructionMi+1 = −(kiβi+. . .+k1β1+k0α0), where βj , is the highest
root of ∆˜+j . Let βj be the highest root of the system ∆˜
+
j ⊇ ∆˜
+
j+1 ⊇ . . . ⊇ ∆˜
+
i .
Then (βj , γ) > 0 for every γ ∈ ∆˜
+
j , in particular we have (βj , βm) > 0 for every
m > j. That implies that (βj , βi) > 0 for every j, and also (α0, βi) > 0, as βi ∈ ∆˜
+
and α0 is the highest root of the system ∆˜
+.
It follows from the above that (Mi+1 + lβi, βi) = −((ki − l)(βi, βi) + . . . +
k1(β1, βi) + k0(α0, βi)) < 0 that proves (∗).
Let us check (∗∗). By the construction −ww0χ = (klβl + . . .+ k1β1 + k0α0) for
some l. One may notice that (−w0χ,w
−1βi) = (−ww0χ, βi) = ki(βl, βi) + . . . +
k1(β1, βi) + k0(α0, βi) > 0 as (βj , βi) > 0 and (α0, βi) > 0. From the inequality
(−w0χ,w
−1βi) > 0 and the fact that the weight −w0χ is strictly dominant it follows
that the root w−1βi is positive q.e.d. 
pic.5
Corollary 2.6. Let χ be a strictly dominant weight and w ∈ W be an element of
Weyl group. Then the following conditions are equivalent:
(i) 0 ∈ ww0χ+
∑
αi∈∆+
Q+αi,
(ii) 0 ∈ ww0χ+
∑
αi∈∆+∩w∆+
Q+αi.
These conditions imply that the support of the Schubert cell Bww0B/B contains
zero.
Proof. In the proof of the preceding theorem we constructed the piecewise-linear
path from ww0χ to 0. The roots that appear in that path satisfy the condition
αi ∈ ∆
+ ∩ w∆+. To construct this path we used only the fact that 0 ∈ ww0χ +∑
αi∈∆+
Q+αi. So the existence of such path implies 0 ∈ ww0χ+
∑
αi∈∆+∩w∆+
Q+αi.
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Applying the preceding theorem we have 0 ∈ Supp(Tuww0B/B) ⊂
Supp(Bww0B/B) for almost all values of ci (where ci are the coefficients of eαi
corresponding to the roots αi ∈ ∆
+ ∩ w∆+ in the exponential decomposition of
u). 
By means of this proposition one can describe the linear spans of the supports
for the semistable orbits.
Proposition 2.7. Let Tuww0B/B be a semistable orbit from the cell Bww0B/B.
We claim that we can find the orbit T u˜ww0B/B from the same cell such that for u˜
we have exponential decomposition u˜ = exp(
∑
αi∈∆˜+∩w∆+
ciei), where the subsystem
∆˜ is saturated and its linear span is the same as the linear span of the support for
Tuww0B/B.
Proof. Consider the exponential decomposition u = exp(
∑
αi∈∆˜+∩w∆+
ciei) (now we
do not suppose that ci 6= 0), taking into account that u is chosen in the normal
form i.e. u ∈ U ∩ wU . Let’s consider the cone with the vertex ww0χ, spanned by
the roots αi ∈ ∆˜
+ ∩ w∆+ for which ci 6= 0. Let’s βi be the edges of this cone.
We show that the vectors eβivww0χ 6= 0 appear in the weight decomposition of the
vector from V (χ) corresponding to the point of the orbit Tuww0B/B ⊂ P(V (χ)).
Let us apply the element w−1 to the orbit. As this element lies in NG(T ) we
shall get the T -orbit Tu′w0B/B (where u
′ = w−1uw) and it will belong to the open
cell (as w0χ ∈ supp(w
−1Tuww0B/B) by Lemma 1.1). Besides γ ∈ ∆˜
+ ∩ w∆+ is
the root corresponding to eγ in the exponential decomposition of u iff the root
w−1γ ∈ ∆+∩w−1∆˜+ corresponds to ew−1γ in the exponential decomposition of u
′.
So it is sufficient to prove that ew−1βivw0χ 6= 0.
Indeed, the weight w−1βi ∈ ∆
+, w0χ is strictly antidominant so vw0χ couldn’t be
the highest weight vector of the representation of sl2 triple 〈ew−1βi , fw−1βi , hw−1βi〉
generated by vw0χ. That gives the claim.
The roots βi are the edges of the cone consequently the weights ww0χ+βi belong
to the support of the orbit. Only the vectors eβivww0χ 6= 0 could correspond to
them in the weight decomposition (we get this weight decomposition by opening
the brackets in the exponential decomposition). The support of the orbit contains
zero (the orbit is semistable) so the linear span of the support coincides with the
linear span of the roots 〈β1 . . . βk〉lin. Consider the subsystem of roots ∆˜ = ∆ ∩
〈β1 . . . βk〉lin. Applying the preceding theorem to ∆˜ we get the orbit of special type
with the same linear span of the support as the initial orbit has. 
Thus to describe the linear spans of the supports for all semistable orbits from
the cell Bww0B/B it is sufficient to describe only saturated root systems ∆˜ for
which we have 0 ∈ (ww0χ+
∑
αi∈∆˜+∩w∆+
Q+αi).
3. The calculation of Pic(Xss//T ).
According to Corollary 1.13, PicT (X
ss
Lχ
) = PicT (G/B) ∼= Pic(G/B)× Ξ(T ) (the
last equality follows from the fact that every line bundle is T -linearized and every
two T -linearizations differ by the character).
It is known that Pic(G/B) ∼= Ξ(B) = Ξ(T ) [11], [8]. The isomorphism is con-
structed by the following way: to a line bundle we associate the character of action
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ofB on the fiber overB-stable point eB/B. And vica versa, to a character χ we may
associate the homogenious bundle G ∗B kχ ( kχ is a linear space, where B acts by
the character χ) obtained as a quotient of the G× kχ by B: b(g, t) = (gb
−1, χ(b)t).
Under this isomorphism the cone of the very ample line bundles corresponds to the
internal points of the Weyl chamber.
T -linearized bundles may be written in the form G∗B kχ0⊗kχ1 . As a line bundle
it is isomorphic to G ∗B kχ0 , but the torus action is twisted by the character χ1.
Let π : XssLχ −→ X
ss
Lχ
//T be the quotient morphism. It is well known that
Pic(XssLχ//T ) injects into PicTX
ss
Lχ
by the map π∗ [8]. In the next theorem we
formulate the conditions when the bundle M ∈ PicTX
ss
Lχ
belongs to the subgroup
π∗Pic(XssLχ//T ).
Theorem 3.1. Let χ be a strictly dominant weight, to which we associate the
embedding G/B →֒ P(V (χ)). Let {∆˜wj } be all saturated root subsystems in ∆
satisfying the condition 0 ∈ ww0χ +
∑
αi∈(∆˜wj )
+∩w∆+
Q+αi. Then the element µ =
(µ0;µ1) ∈ (Pic(G/B)× Ξ(T ))⊗Q belongs to π
∗Pic(XssLχ//T )⊗Q iff
ww0µ0 + µ1 ∈
⋂
j
〈∆˜wj 〉,
for all ww0 ∈ W
st
χ . The rank of the Picard group Pic(X
ss
Lχ
//T ) is equal to the
dimension of the linear space spanned by the points µ satisfying the conditions
described above.
Remark 3.2. For the open cell the corresponding condition could be simplified.
Let {∆˜j} be all saturated root subsystems such that w0χ ∈ 〈∆˜j〉. Then the orbits
from the open cell impose the following condition
w0µ0 + µ1 ∈
⋂
j
〈∆˜j〉,
Proof. Consider the following exact sequence from the work [8]:
1 −→ Pic(Xss//T )
pi∗
−→ PicTX
ss δ−→
∏
Tx⊂Xss
Ξ(Tx)
The last term is the product over all orbits from Xss of groups of characters of
the stabilizers of points in these orbits ( in the product it is sufficient to consider
only the closed orbits of Xss). The map δ is the following: let us take a line bundle
L ∈ PicTX
ss and restrict it to the orbit Tx. Then the stabilizer of the point in Tx
will act linearly on the fiber over x by a character. This character will be the image
of L in the component Ξ(Tx) (denote this map by PrΞ(Tx) : PicTX
ss −→ Ξ(Tx)),
so we have δ =
∏
Tx⊂Xss
PrΞ(Tx).
Let µ = µ0 + µ1 ∈ Pic(G/B) × Ξ(T ) be the character defining line bundle Lµ
from PicTX
ss.
Suppose we know Ker (PrΞ(Tx)). Then Pic(X
ss//T ) ∼= Ker δ =⋂
Tx⊂Xss
Ker (PrΞ(Tx)).
As we calculate the rank of the Picard group, it is sufficient to consider only the
action of one-parameter subgroups λ : k× → Tx. Let vx = vτ1 + . . . + vτl be the
weight decomposition of vx for the embedding x = tuwB/B ∈ G/B →֒ P(V (χ)),
τi ∈ Ξ(T ).
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Consider the action of a one-parameter subgroup λ on vx: λ(t)vx = t
〈λ;τ0〉vx =
t〈λ;τ1〉vτ1 + . . . + t
〈λ;τl〉vτl . Then λ(k
×) ⊂ Tx iff 〈λ; τ0〉 = 〈λ; τ1〉 = . . . = 〈λ; τl〉,
or equivalently 〈λ;χi − χj〉 = 0 for all χi, χj ∈ supp(Tx →֒ P(V (χ))). As 0 ∈
supp(Tx →֒ P(V (χ))) this system of equations is equivalent to 〈λ;χi〉 = 0 for
∀χi ∈ supp(Tx).
As in the proof of Proposition 2.7 we have ww0χ ∈ supp(Tx) and also ww0χ+
αi ∈ supp(Tx), where αi are the roots appearing in the exponent decomposition of
u with the nonzero coefficient. We suppose that u is written in the normal form.
Then we have 〈λ;αi〉 = 0, that means that T
0
x stabilizes u.
Let us calculate the character for the action of T 0x on the fiber over x of the
bundle G ∗B kµ0 ⊗ kµ1 . As T
0
x stabilizes u, the character for the action of T
0
x on
the fiber over uww0B/B is equal to the character for the action of T
0
x on the fiber
over ww0B/B, i.e. ww0µ0 + µ1.
From the above it follows that the character for the action of T 0x on the fiber
will be trivial iff 〈λ,ww0µ0 + µ1〉 = 0 for every one-parameter subgroup from the
stabilizer. So the condition for the line bundle Lµ to be in Ker (PrΞ(Tx)) ⊗ Q can
be rewritten in the form ww0µ0 + µ1 ∈ 〈supp(Tx →֒ P(V (χ)))〉.
Now we apply Proposition 2.7. The linear spans of the supports for the orbits of
special type from Xss ∩ Bww0B/B are in correspondence with the subsystems of
positive roots {∆˜w+j }, satisfying the condition: 0 ∈ (ww0χ+
∑
αi∈(∆˜wj )
+∩w∆+
Q+αi).
Rewrite the conditions µ ∈ Ker (δ) in terms of the weight χ:
ww0µ0 + µ1 ∈
⋂
j
〈∆˜wj 〉.

Example 3.3. Consider the case of general position; i.e., when the character w0χ
does not belong to linear spans of root subsystems in ∆, those dimension is less
than the rank of the system ∆. In this case there are no conditions both on µ0 and
µ1, so we have rk(Pic(X
ss
Lχ
//T )) = rk(PicT (X
ss
Lχ
)) = 2rkG (in the case free of the
components of type An).
Example 3.4. Consider the root systemB4. The simple roots and the fundamental
weights dual to them are the following: α1 = ε1−ε2, α2 = ε2−ε3, α3 = ε3−ε4, α4 =
ε4, and π1 = ε1, π2 = ε1+ε2, π3 = ε1+ε2+ε3, π4 =
1
2 (ε1+ε2+ε3+ε4). Consider the
strictly dominant weight χ = (ε4− ε3)+ 10(2ε1+ ε2+ ε3) = 10π1+ π2+8π3+2π4.
One may check that the only subspaces that contain this element are the linear
spans of the following root systems: the first is ∆1 of type A3, generated by the
roots ε2 − ε3, ε3 − ε4, ε1 + ε4, which are the simple roots of this system (it also
contain the roots ε2 − ε4, ε1 + ε3, ε1 + ε2 as the positive roots); the second is ∆2
of type A1 ⊕A2, generated by ε1, ε2 + ε4, ε3 − ε4, which are the simple roots in it
(it also contains ε2 + ε3 as the positive root). The intersection is two dimensional
space generated by the root ε3−ε4 and the dominant weight 2ε1+ε2+ε3 = π1+π3.
We show that rk(Pic(XssLχ//T )) = 2.
Let us write down the conditions of Theorem 3.1 for the part of the χ-semistable
elements w0, sα1w0, sα2w0, sα3w0, sα4w0 of the Weyl group:
w0µ0 + µ1 ∈ 〈∆1〉 ∩ 〈∆2〉
w0µ0 + sα1µ1 ∈ 〈∆1〉 ∩ 〈∆2〉
w0µ0 + sα2µ1 ∈ 〈∆1〉 ∩ 〈∆2〉
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w0µ0 + sα3µ1 ∈ 〈∆1〉 ∩ 〈∆2〉
w0µ0 + sα4µ1 ∈ 〈∆1〉 ∩ 〈∆2〉
To prove the last four expressions one has to check that (sαiχ ∈∑
βj∈(sαi∆1)
+∩sαi∆
+
Q+βj) and the same for the system ∆2. But (sαi∆1)
+∩sα∆
+ =
sαi∆1 ∩ sαi∆
+ ∩ ∆+, so if we apply sαi to two last expressions we get (χ ∈∑
βj∈∆
+
1 \{αi}
Q+βj). Indeed sα is a simple reflection so ∆
+ ∩ sα∆
+ = ∆+ \ {α},
that implies sαi(sαi∆1 ∩ sαi∆
+ ∩∆+) = (∆+1 \ {αi})
We note that in the case i = 1, 4 the condition is satisfied automatically since
the roots α1, α4 do not belong to the systems ∆1 ∆2. In the case i = 2 the second
condition is satisfied since α2 /∈ ∆2, and for the first system it is satisfied since
χ = 10(ε1+ ε2) + 9(ε1+ ε3) + (ε1 + ε4). In the case i = 3 these conditions are true
for ∆1 as: χ = (ε1 + ε4) + 10(ε2 − ε3) + 19(ε1 + ε3), and for the system ∆2 as:
χ = 20ε1 + 9(ε2 + ε3) + (ε2 + ε4)
Subtract from the first expression the same expression for the root sαi so we get
(w0µ0 + µ1)− (w0µ0 + sαiµ1) =
2(αi,µ1)
(αi,αi)
αi ∈ 〈∆1〉 ∩ 〈∆2〉 for i = 1, 2, 3, 4. As αi /∈
〈∆1〉∩ 〈∆2〉 for i = 1, 2, 4 we have (αi, µ1) = 0. That implies µ1 = tπ3. The similar
expression for the element sα3 doesn’t impose any conditions since α3 ∈ 〈∆1〉∩〈∆2〉.
Let us show that µ1 = 0. Then we would have that all the conditions imposed by
the semistable orbits would be the consequences of the conditions imposed by the
semistable orbits of the open cell i.e. w0µ0 ∈ 〈∆1〉 ∩ 〈∆2〉. Indeed if µ1 = 0, the
conditions for w ∈ W stχ can be rewritten in the form w0µ0 ∈
⋂
〈∆i〉, where χ ∈ ∆i,
but all these conditions are the consequences of the conditions for the open cell,
since the intersection is minimal for that. So we have rk(Pic(XssLχ//T )) = 2.
To prove the equality µ1 = 0 consider the element w = sα3sα4 . First we
prove that ww0 is χ-semistable, and that it imposes the condition ww0µ0 +
µ1 ∈ 〈w∆1〉 ∩ 〈w∆2〉 on µ. It is necessary and sufficient that we have wχ ∈∑
αj∈(w∆1∩w∆+∩∆+)
Q+αj and the similar condition for the root system ∆2. Ap-
ply w−1 to this expression. Taking into account that w translates the roots
(ε3 + ε4) and ε4 into negative ones we get χ ∈
∑
αj∈(∆1∩∆+∩sα4sα3∆
+)
Q+αj =
∑
αj∈(∆
+
1 \{α4,ε3+ε4})
Q+αj and the similar condition for the system ∆2. But both con-
ditions are evidently satisfied since ε4 and ε3+ε4 do not belong to either of the sys-
tems ∆i. So the conditions imposed by the semistable orbits in the cell Bww0B/B
can be rewritten as w0µ0+w
−1µ1 ∈ 〈∆1〉∩〈∆2〉. Taking into account that µ1 = tπ3
we get w0µ0+w
−1µ1 = w0µ0+tsα4(π3−α3) = w0µ0+tπ3−t(ε3+ε4) ∈ 〈∆1〉∩〈∆2〉.
Subtract w0µ0 + tπ3 ∈ 〈∆1〉 ∩ 〈∆2〉 from the previous expression. So we get
t(ε3 + ε4) ∈ 〈∆1〉 ∩ 〈∆2〉, that is possible only when t = 0. Consequently µ1 = 0.
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